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Abstract. We study a generic open quantum system where the coupling between the
system and its environment is of an energy-preserving quantum nondemolition (QND)
type. We obtain the general master equation for the evolution of such a system under
the influence of a squeezed thermal bath of harmonic oscillators. From the master
equation it can be seen explicitly that the process involves decoherence or dephasing
without any dissipation of energy. We work out the decoherence-causing term in the
high and zero temperature limits and check that they match with known results for the
case of a thermal bath. The decay of the coherence is quantified as well by the dynamics
of the linear entropy of the system under various environmental conditions. We make
a comparison of the quantum statistical properties between QND and dissipative types
of evolution using a system of two-level atom and a harmonic oscillator.
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1. Introduction
The concept of ‘open’ quantum systems is a ubiquitous one in that all real systems
of interest are open systems, each surrounded by its environment, which affects its
dynamics. Caldeira and Leggett [1] used the influence functional approach developed
by Feynman and Vernon [2] to discuss quantum dissipation via the paradigm of quantum
Brownian motion (QBM) of a simple harmonic oscillator in a harmonic oscillator
environment. The influence of the environment on the reduced dynamics of the system
was quantified by the influence functional. Dissipation of the system originates from the
transfer of energy from the system of interest to the ‘large’ environment. The energy,
once transferred, is not given back to the system within any time of physical relevance.
In the original model of the QBM, the system and its environment were taken to be
initially uncorrelated. The treatment was extended to the physically reasonable initial
condition of a mixed state of the system and its environment by Hakim and Ambegaokar
[3], Smith and Caldeira [4], Grabert, Schramm and Ingold [5], and Banerjee and Ghosh
[6] among others. Haake and Reibold [7], and Hu, Paz and Zhang [8] obtained an exact
master equation for the quantum Brownian particle for a general spectral density of the
environment.
The spectacular progress in manipulation of quantum states of matter and
applications in quantum information processing have resulted in a renewed demand for
understanding and control of the environmental impact in such open quantum systems.
For such systems, there exists an important class of energy-preserving measurements
in which dephasing occurs without damping of the system. This may be achieved
with a particular type of coupling between the system and its environment, viz., when
the Hamiltonian HS of the system commutes with the Hamiltonian HSR describing
the system-reservoir interaction, i.e., HSR is a constant of motion generated by HS
[9, 10, 11]. This condition describes a particular type of quantum nondemolition (QND)
measurement scheme.
In general, a class of observables that may be measured repeatedly with arbitrary
precision, with the influence of the measurement apparatus on the system being confined
strictly to the conjugate observables, is called QND or back-action evasive observables
[12, 13, 14, 15, 16]. Such a measurement scheme was originally introduced in the
context of the detection of gravitational waves [17, 18]. The dynamics of decoherence
in continuous QND measurements applied to a system of two-level atom interacting
with a stationary quantized electromagnetic field through a dispersive coupling has
been studied by Onofrio and Viola [19]. In addition to its relevance in ultrasensitive
measurements, a QND scheme provides a way to prepare quantum mechanical states
which may otherwise be difficult to create, such as Fock states with a specific number
of particles. It has been shown that the accuracy of atomic interferometry can be
improved by using QND measurements of the atomic populations at the inputs to the
interferometer [20]. QND systems have also been proposed for engineering quantum
dynamical evolution of a system with the help of a quantum meter [21]. We have
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recently studied such QND open system Hamiltonians for two different models of the
environment describable as baths of either oscillators or spins, and found an interesting
connection between the energy-preserving QND Hamiltonians and the phase space area-
preserving canonical transformations [22].
In this paper we wish to study the dynamics of decoherence in a generic open
quantum system where the coupling between the system and its environment is of an
energy-preserving QND type. The bath is taken to be initially in a squeezed thermal
state, from which the common thermal bath results may be easily extracted by setting
the squeezing parameters to zero. When the quantum fluctuations of the heat bath
are squeezed, it has been shown by Kennedy and Walls [23] that the macroscopic
superposition of states of light is preserved in the presence of dissipation. These authors
have shown that the squeezed bath is more efficient than the thermal bath for optical
quadrature-phase quantum measurements, and may also be used to prepare the states
with low quantum noise in one quadrature phase, at least in the high-frequency regime.
The advantage of using a squeezed thermal bath over an ordinary phase-insensitive
thermal bath is that the decay rate of quantum coherences can be suppressed in a
squeezed bath leading to preservation of nonclassical effects [24]. Such a bath has also
been shown to modify the evolution of the geometric phase of two-level atomic systems
[25]. In our present problem, we wish to systematically probe the effect of phase-
sensitivity of the bath, and quantify the pattern of progressive decay of coherence of
the system, both at high temperatures as well as arbitrary low temperatures, when a
quantum nondemolition coupling is adopted. We wish to hence compare and contrast
the quantum statistical mechanical features (viz. the nature of the noise channels) of
the QND type of evolution with that of the dissipative evolution [8, 26, 27, 28, 29] of the
general Lindblad form for a two-level system or the specific QBM form for a harmonic
oscillator.
The plan of the paper is as follows. In section 2 we obtain the master equation
for a generic system interacting with its environment by a QND type of coupling. For
simplicity, we take the system and its environment to be initially separable. In section
2.1, the master equation is obtained for the case of a bosonic bath of harmonic oscillators.
For the sake of completeness, we briefly compare the results for the oscillator bath
with that for a bath of two-level systems in section 2.2. In section 3, we analyze the
dynamics of decoherence, first by looking at the term causing decoherence in the system
master equation for the bosonic bath of harmonic oscillators obtained in section 2.1,
and explicitly solve it for the high-temperature and the zero-temperature cases. We
then set up a quantitative ‘measure of coherence’ related to the linear entropy S(t), the
dynamics of which is also studied for the zero- as well as the high-temperature cases
for different degrees of squeezing of the bath. In section 4, the quantum statistical
mechanical properties underlying the QND and dissipative processes are studied on
a general footing for a two-level atomic system (section 4.1) and a harmonic oscillator
system (section 4.2). For the two-level system, the dissipative process is taken to be that
generated by a standard Lindblad equation while for the harmonic oscillator system, the
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model studied is that of QBM. In section 5 we present our conclusions.
2. Master equation
Here we present the master equation for a system interacting with its environment by a
coupling of the energy-preserving QND type where the environment is a bosonic bath
of harmonic oscillators initially in a squeezed thermal state, decoupled from the system.
We also take up the case where the environment is composed of a bath of two-level
systems, and compare the two cases.
2.1. Bath of harmonic oscillators
We consider the Hamiltonian
H = HS +HR +HSR
= HS +
∑
k
h¯ωkb
†
kbk +HS
∑
k
gk(bk + b
†
k) +H
2
S
∑
k
g2k
h¯ωk
. (1)
Here HS, HR and HSR stand for the Hamiltonians of the system, reservoir and system-
reservoir interaction, respectively. HS is a generic system Hamiltonian which can be
specified depending on the physical situation. b†k, bk denote the creation and annihilation
operators for the reservoir oscillator of frequency ωk, gk stands for the coupling constant
(assumed real) for the interaction of the oscillator field with the system. The last
term on the right-hand side of Eq. (1) is a renormalization inducing ‘counter term’.
Since [HS, HSR] = 0, the Hamiltonian (1) is of QND type. The system-plus-reservoir
composite is closed and hence obeys a unitary evolution given by
ρ(t) = e−iHt/h¯ρ(0)eiHt/h¯, (2)
where
ρ(0) = ρs(0)ρR(0), (3)
i.e., we assume separable initial conditions. In order to obtain the reduced dynamics
of the system alone, we trace over the reservoir variables. The matrix elements of the
reduced density matrix in the system eigenbasis are
ρsnm(t) = e
−i(En−Em)t/h¯ e
−i(E2n−E
2
m)/h¯
∑
k
(g2
k
t/h¯ωk)
× TrR
[
e−iHnt/h¯ρR(0)e
iHmt/h¯
]
ρsnm(0), (4)
where En’s are the eigenvalues of the system Hamiltonian. In Eq. (4), ρR(0) is the initial
density matrix of the reservoir which we take to be a squeezed thermal bath given by
ρR(0) = S(r,Φ)ρthS
†(r,Φ), (5)
where
ρth =
∏
k
[
1− e−βh¯ωk
]
e−βh¯ωkb
†
k
bk (6)
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is the density matrix of the thermal bath at temperature T , with β ≡ 1/(kBT ), kB
being the Boltzmann constant, and
S(rk,Φk) = exp
[
rk
(
b2k
2
e−2iΦk −
b†2k
2
e2iΦk
)]
(7)
is the squeezing operator with rk, Φk being the squeezing parameters [30]. In Eq. (4),
Hn =
∑
k
[
h¯ωkb
†
kbk + Engk(bk + b
†
k)
]
. (8)
Following the steps of the derviation as shown in Appendix A, the reduced density
matrix (4) of the system is obtained as
ρsnm(t) = e
−i(En−Em)t/h¯e
−i(E2n−E
2
m)
∑
k
(g2
k
sin(ωkt)/h¯
2ω2
k
)
× exp
[
−
1
2
(Em − En)
2
∑
k
g2k
h¯2ω2k
coth
(
βh¯ωk
2
)
×
∣∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)e2iΦk ∣∣∣2
]
ρsnm(0). (9)
Differentiating Eq. (9) with respect to time we obtain the master equation giving
the system evolution under the influence of the environment as
ρ˙snm(t) =
[
−
i
h¯
(En −Em) + iη˙(t)(E
2
n − E
2
m)− (En −Em)
2γ˙(t)
]
ρsnm(t), (10)
where
η(t) = −
∑
k
g2k
h¯2ω2k
sin(ωkt), (11)
and
γ(t) =
1
2
∑
k
g2k
h¯2ω2k
coth
(
βh¯ωk
2
) ∣∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)e2iΦk ∣∣∣2 . (12)
For the case of zero squeezing, r = Φ = 0, and γ(t) given by Eq. (12) reduces to
the expression obtained earlier [9, 10, 11] for the case of a thermal bath. It can be seen
that η(t) (11) is independent of the bath initial conditions and hence remains the same
as for the thermal bath. Comparing the master equation obtained for the case of a QND
coupling to the bath (10) with the master equation obtained in the case of QBM as in
Refs. [26, 27, 28], where the master equation was obtained for the QBM of the system
of a harmonic oscillator in a squeezed thermal bath, we find that the term responsible
for decoherence in the QND case is given by γ˙(t). It is interesting to note that in
contrast to the QBM case, here there is no term governing dissipation. Also missing are
the various other diffusion terms, viz. those responsible for promoting diffusion in p2
and those responsible for diffusion in xp + px, the so-called anomalous diffusion terms.
Also note that in the exponent of the third exponential on the right-hand side of Eq.
(9), responsible for the decay of coherences, the coefficient of γ(t) is dependent on the
eigenvalues En of the ‘conserved pointer observable’ operator which in this case is the
system Hamiltonian itself. This reiterates the observation that the decay of coherence
in a system interacting with its bath via a QND interaction depends on the conserved
pointer observable and the bath coupling parameters [10].
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2.2. Bath of two-level systems
We briefly take up the case of a bath of two-level systems to illustrate in a transparent
manner its difference with a bath of harmonic oscillators. The Hamiltonian considered
is
H = HS +HR +HSR
= HS +
∑
k
ωkσzk +HS
∑
k
Ckσxk. (13)
Since [HS, HSR] = 0, the Hamiltonian (13) is of a QND type. Starting from the unitary
evolution of the entire closed system and then tracing over the bath variables, we obtain
the reduced density matrix in the system eigenbasis as
ρsnm(t) = e
−i(En−Em)t/h¯TrR
[
eiHmt/h¯e−iHnt/h¯ρR(0)
]
ρsnm(0), (14)
where
Hn =
∑
k
[ωkσzk + EnCkσxk] =
∑
k
Ok(En). (15)
Using the properties of the σz, σx matrices it can be seen that
eiOk(Em)t = cos (ω′k(Em)t) +
i sin (ω′k(Em)t)
ω′k(Em)
(ωkσzk + EmCkσxk), (16)
where
ω′k(Em) =
√
ω2k + E
2
mC
2
k . (17)
Thus
eiOk(Em)te−iOk(En)t = cos (ω′k(Em)t) cos (ω
′
k(En)t)
+
sin (ω′k(Em)t) sin (ω
′
k(En)t)
ω′k(Em)ω
′
k(En)
(
ω2k + EmEnC
2
k
)
+
sin (ω′k(Em)t) sin (ω
′
k(En)t)
ω′k(Em)ω
′
k(En)
ωkCk(En −Em)σzkσxk
−
i cos (ω′k(Em)t) sin (ω
′
k(En)t)
ω′k(En)
(ωkσzk + EnCkσxk)
+
i cos (ω′k(En)t) sin (ω
′
k(Em)t)
ω′k(Em)
(ωkσzk + EmCkσxk). (18)
Using (18) in (14), it can be seen that only the first two terms on the right-hand side
of Eq. (18) contribute and the reduced density matrix of the system becomes
ρsnm(t) = e
−i(En−Em)t/h¯
∏
k
[
cos (ω′k(Em)t) cos (ω
′
k(En)t)
+
sin (ω′k(Em)t) sin (ω
′
k(En)t)
ω′k(Em)ω
′
k(En)
(ω2k + EmEnC
2
k)
]
ρsnm(0), (19)
as also obtained by Shao et al. [9]. We can see from Eq. (19) that the reduced density
matrix of the system is independent of the temperature and squeezing conditions of the
reservoir, as may be expected from the structure of the Hamiltonian (13). This brings
out the intrinsic difference between a bosonic bath of harmonic oscillators and a bath
of two-level systems.
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3. Decoherence dynamics
Here onwards we consider only the bosonic bath of harmonic oscillators in an initial
squeezed thermal state. In this section, we analyze the decay of coherence of our generic
system under various environmental conditions. We examine the decoherence term in
the master equation for the reduced density matrix of the system. We also compute the
dynamics of the ‘measure of coherence’ related to the linear entropy of the system for
the zero- as well as the high-temperature cases for different degrees of squeezing of the
bath.
3.1. Dephasing in the system master equation
In this subsection we examine in detail the term γ(t) [Eq. (12)]. This is the term whose
time derivative is the decoherence-causing term as is evident from the master equation
(10). To proceed, we assume a ‘quasi-continuous’ bath spectrum with spectral density
I(ω) such that
∑
k
g2k
h¯2
f(ωk) −→
∞∫
0
dωI(ω)f(ω), (20)
and using an Ohmic spectral density
I(ω) =
γ0
pi
ωe−ω/ωc , (21)
where γ0 and ωc are two bath parameters, we obtain η(t) in (11) as
η(t) = −
γ0
pi
tan−1(ωct). (22)
In the limit ωct≫ 1, tan
−1(ωct) −→
pi
2
and η(t) −→ −γ0
2
. Now we evaluate γ(t) given
in (12) for the squeezed thermal bath for the cases of zero-T and high-T .
T = 0:
Using Eqs. (20), (21) in Eq. (12) and using the zero-T limit we obtain γ(t) as
γ(t) =
γ0
2pi
cosh(2r) ln(1 + ω2c t
2)−
γ0
4pi
sinh(2r)× ln
[
(1 + 4ω2c (t− a)
2)
(1 + ω2c (t− 2a)
2)2
]
−
γ0
4pi
sinh(2r) ln(1 + 4a2ω2c ), (23)
where t > 2a. Here we have taken, for simplicity, the squeezed bath parameters as
cosh (2r(ω)) = cosh(2r), sinh (2r(ω)) = sinh(2r),
Φ(ω) = aω, (24)
where a is a constant depending upon the squeezed bath. The decoherence-causing term
γ˙(t) is obtained from the above equation as
dγ(t)
dt
=
γ0
pi
cosh(2r)
ω2c t
(1 + ω2c t
2)
−
γ0
4pi
sinh(2r)
[
8ω2c (t− a)
1 + 4ω2c (t− a)
2
−
4ω2c (t− 2a)
1 + ω2c (t− 2a)
2
]
. (25)
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2 4 6 8 10
t
0.1
0.2
0.3
0.4
0.5
dΓdt
Figure 1. dγ(t)
dt
[Eq. (25)] as a function of time t for different environmental conditions. Here
γ0 = 0.1, ωc = 50, a = 0 and temperature T = 0. The dashed and the solid curves correspond to the
environmental squeezing parameter [Eq. (24)] r = 0 and 0.4, respectively.
We can see from the above equation that in the long time limit, γ˙(t) −→
γ0 cosh(2r)/(pit), and the terms proportional to the sine hyperbolic function, coming
from the nonstationarity of the squeezed bath, are washed out. For the case of zero
squeezing, we obtain from (23)
γ(t) =
γ0
2pi
ln(1 + ω2c t
2) −→
γ0
2pi
× constant, (26)
because of the slow logarithmic behavior.
As ωc −→∞, γ(t) in (23) tends to
γ(t) −→
γ0
2pi
cosh(2r)A−
γ0
4pi
sinh(2r)B, (27)
where
A = lim
ωc−→∞
ln(1 + ω2c t
2) = constant, because of the slow logarithmic behavior and
B = lim
ωc−→∞
ln
[
(1+4ω2c (t−a)2)(1+4a2ω2c)
(1+ω2c (t−2a)
2)2
]
= constant, again because of the slow logarithmic
behavior.
High T :
Using (20), (21) in (12) and using the high-T limit, we obtain
γ(t) =
γ0kBT
pih¯ωc
cosh(2r)
[
2ωct tan
−1(ωct) + ln
(
1
1 + ω2c t
2
)]
−
γ0kBT
2pih¯ωc
sinh(2r)
[
4ωc(t− a) tan
−1 (2ωc(t− a))
− 4ωc(t− 2a) tan
−1 (ωc(t− 2a)) + 4aωc tan
−1 (2aωc)
+ ln
(
[1 + ω2c (t− 2a)
2]
2
[1 + 4ω2c (t− a)
2]
)
+ ln
(
1
1 + 4a2ω2c
)]
, (28)
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where t > 2a. From (28) we can obtain γ(t) for high T and thermal bath with no
squeezing, by setting r and a to zero, as
γ(t) =
γ0kBT
pih¯ωc
[
2ωct tan
−1(ωct) + ln
(
1
1 + ω2c t
2
)]
, (29)
such that
dγ(t)
dt
=
2γ0kBT
pih¯
tan−1(ωct). (30)
This matches with the result obtained in Ref. [11]. For the case of a squeezed thermal
bath, we can obtain γ˙(t) from (28) as
dγ(t)
dt
=
2γ0kBT
pih¯
cosh(2r) tan−1(ωct)−
2γ0kBT
pih¯
sinh(2r)
[
tan−1(2ωc(t− a))
− tan−1(ωc(t− 2a))
]
. (31)
2 4 6 8 10
t
0.025
0.05
0.075
0.1
0.125
0.15
0.175
0.2
dΓdt
Figure 2. dγ(t)
dt
[Eq. (31)] as a function of time t for different environmental conditions. Here
γ0 = 0.1, ωc = 50, a = 0 and temperature T (in units where h¯ ≡ kB ≡ 1) = 300. The dashed
and the solid curves correspond to the environmental squeezing parameter [Eq. (24)] r = 0 and 0.4,
respectively.
Figure 1 depicts the behavior of the decoherence-causing term, γ˙(t) [Eq. (25)], for
T = 0 while Fig. 2 depicts its behavior for high-T [Eq. (31)], with and without bath
squeezing indicated by the parameter r. A comparison between the two clearly indicates
the power-law behavior of the decay of coherences at T = 0 and an exponential decay
at high T . As ωc −→ ∞, from (28) we get
γ(t) −→
γ0kBT
h¯
cosh(2r)t− 2
γ0kBT
h¯
sinh(2r)a. (32)
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3.2. Evolution of the linear entropy – measure of coherence
It is well-known that for a pure state ρ2(t) = ρ(t) and Tr[ρ2(t)] = 1. A mixed state
instead is defined by the class of states which satisfies the inequality Tr[ρ2(t)] ≤ 1. This
leads to the definition of the linear entropy of a quantum state, S(t) ≡ 1 − Tr[ρ2(t)],
which is positive: S(t) ≥ 0, and bounded: S(t) ≤ 1. S(t) = 0 for a pure state and 1 for
a completely mixed state. We can set up a related ‘measure of coherence’ of the system
following Ref. [9] as
C(t) ≡ Tr [ρs(t)]2 . (33)
If we assume the system to start from a pure state,
ρs(0) =
[∑
n
pn|n〉
] [∑
m
p∗m〈m|
]
, (34)
then using (9) we have
C(t) =
∑
m,n
|pn|
2|pm|
2e−2(En−Em)
2γ(t), (35)
where γ(t) is as in (12).
The linear entropy S(t) can be computed from C(t) as:
S(t) = Tr
[
ρs(t)− (ρs(t))2
]
= I − C(t). (36)
S(t) is plotted in Figs. 3 and 4 for a harmonic oscillator system starting out in a coher-
ent state |α〉 [31], for temperatures T = 0 and 300, respectively, and for various values
of environmental squeezing parameter r.
T = 0:
Using Eq. (12) in Eq. (35) and applying the T = 0 limit, i.e., making use of (23), the
measure of coherence is obtained as
C(t) =
∑
n,m
|pn|
2|pm|
2(1 + ω2c t
2)−γ0 cosh(2r)(En−Em)
2/pi
×
[
(1 + 4ω2c (t− a)
2)
(1 + ω2c (t− 2a)
2)2
]γ0 sinh(2r)(En−Em)2/(2pi)
×
(
1 + 4a2ω2c
)γ0 sinh(2r)(En−Em)2/(2pi)
. (37)
For the case of zero-squeezing, r = 0 = a, and C(t) given by Eq. (37) becomes
C(t) =
∑
n,m
|pn|
2|pm|
2(ωct)
−2γ0(En−Em)2/pi. (38)
Here we have in addition imposed the condition ωct ≫ 1, which is a valid experi-
mentally accessible domain of time. This agrees with the result obtained in [9]. It can
be seen from Eqs. (37) and (38) that coherences follow the ‘power law’ for T = 0.
High T :
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1 2 3 4 5
t
0.2
0.4
0.6
0.8
1
S
Figure 3. Linear entropy S(t) [Eq. (36)] as a function of time t for different environmental
conditions: γ0 = 0.1, ω = 1, ωc = 50, a = 0, |α|2 = 5, and T = 0 so that Eq. (23) is used. The
large-dashed, small-dashed and the solid curves correspond to the environmental squeezing parameter
[Eq. (24)] r = 0, -0.3 and 0.4, respectively.
Using Eq. (12) in Eq. (35) and applying the high-T limit, i.e., using (28), the measure
of coherence is obtained as
C(t) =
∑
m,n
|pn|
2|pm|
2 exp
{
− (En − Em)
24γ0kBT
pih¯
×
[
cosh(2r) tan−1(ωct)− sinh(2r) tan
−1 (2ωc(t− a))
+ sinh(2r) tan−1 (ωc(t− 2a))
]
t− (En − Em)
24aγ0kBT
pih¯
× sinh(2r)
[
tan−1 (2ωc(t− a))− 2 tan
−1 (ωc(t− 2a))− tan
−1 (2aωc)
] }
× (1 + ω2c t
2)2γ0kBT cosh(2r)(En−Em)
2/(pih¯ωc)
×
(
[1 + ω2c (t− 2a)
2]
2
[1 + 4ω2c (t− a)
2]
)γ0kBT sinh(2r)(En−Em)2/(pih¯ωc)
× (1 + 4a2ω2c )
−γ0kBT sinh(2r)(En−Em)
2/(pih¯ωc). (39)
It can be seen from (39) that in the high-T case, the measure of coherence involves
exponential as well as power-law terms. It is also evident that the terms dominating
the temporal behavior of the coherence measure C(t) are
∑
n,m
|pn|
2|pm|
2 exp
{
− (En − Em)
2 4γ0kBT
pih¯
[
cosh(2r) tan−1(ωct)
− sinh(2r) tan−1 (2ωc(t− a)) + sinh(2r) tan
−1 (ωc(t− 2a))
]
t
}
.
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0.1 0.2 0.3 0.4 0.5
t
0.2
0.4
0.6
0.8
1
S
Figure 4. Linear entropy S(t) [Eq. (36)] as a function of time t for different environmental
conditions: γ0 = 0.1, ω = 1, ωc = 50, a = 0, |α|2 = 5, and T (in units where h¯ ≡ kB ≡ 1) =
300 so that Eq. (28) is used. The solid, small-dashed and large-dashed curves correspond to the
environmental squeezing parameter [Eq. (24)] r = 0, - 0.5 and 2, respectively.
Thus in the high-T limit, the behavior of the coherences is predominantly exponential.
In the long time limit (ωct→∞),
C(t)→
∑
n,m
|pn|
2|pm|
2 exp
{
−(En − Em)
22γ0kBT
h¯
cosh(2r)t
}
. (40)
By comparing Figs. 3 and 4, it is evident that at T = 0 (Fig. 3), the coherences
stay for a longer time characterizing the power-law decay as opposed to the high-T case
(Fig. 4), where the exponential decay causes the coherences to diminish over a much
shorter period of time. Also evident is the effect of bath squeezing, characterized by the
parameter r, on the coherences in the two temperature regimes. While in the zero-T
case, the effect of squeezing remains over a longer period of time, in the high-T case
it diminishes quickly. In this its behavior is similar to that of QBM of a harmonic
oscillator system [27, 28] at high T . Another interesting feature that comes out is that
in the zero-T regime (Fig. 3), by suitably adjusting the bath squeezing parameter r,
the coherence in the system can be improved over the unsqueezed bath, as seen by
comparing the small-dashed curve with the large-dashed one, representing the bath
squeezing parameter (24) r = -0.3 and 0, respectively. This clearly brings out the utility
of squeezing of the thermal bath.
4. Comparison of the QND and non-QND evolutions and phase diffusion in
QND
In this section we make a comparison between the processes underlying the QND and
non-QND (i.e., where [HS, HSR] 6= 0) types of evolution for the system of a two-level
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atom and a harmonic oscillator. We briefly consider the question of phase diffusion in
the QND evolution of a harmonic oscillator.
4.1. Two-level system
Here we take the system to be a two-level atomic system, with the Hamiltonian
HS =
h¯ω
2
σz, (41)
σz being the usual Pauli matrix, to be substituted in Eq. (1). This is a common system,
with a lot of recent applications, as for example, in the quantum computation models
in [32, 33, 34].
QND evolution
In order to study the reduced density matrix of the system under a QND system-
reservoir interaction, i.e., for using Eq. (9), we need to identify an appropriate system
eigenbasis. Here this is provided by the Wigner-Dicke states [35, 37, 36] |j,m〉, which
are the simultaneous eigenstates of the angular momentum operators J2 and Jz, and we
have
HS|j,m〉 = h¯ωm|j,m〉
= Ej,m|j,m〉, (42)
where −j ≤ m ≤ j. For the two-level system considered here, j = 1
2
and hence
m = −1
2
, 1
2
. Using this in Eq. (9) and starting the system from the state
|ψ(0)〉 = cos
(
θ0
2
)
|1〉+ eiφ0 sin
(
θ0
2
)
|0〉, (43)
the reduced density matrix of the system after time t is [25]
ρsm,n(t) =
(
cos2( θ0
2
) 1
2
sin(θ0)e
−i(ωt+φ0)e−(h¯ω)
2γ(t)
1
2
sin(θ0)e
i(ωt+φ0)e−(h¯ω)
2γ(t) sin2( θ0
2
)
)
, (44)
from which the Bloch vectors can be extracted to yield
〈σx(t)〉 = sin(θ0) cos(ωt+ φ0)e
−(h¯ω)2γ(t),
〈σy(t)〉 = sin(θ0) sin(ωt+ φ0)e
−(h¯ω)2γ(t),
〈σz(t)〉 = cos(θ0). (45)
Here γ(t) is as in Eqs. (23), (28) for zero and high T , respectively and σx, σy, σz are the
standard Pauli matrices. It can be easily seen from the above Bloch vector equations
that the QND evolution causes a coplanar, fixed by the polar angle θ0, in-spiral towards
the z-axis of the Bloch sphere. This is the characteristic of a phase-damping channel [38].
Non-QND evolution of the Lindblad form
Next we study the reduced dynamics of the system (41) interacting with a squeezed
thermal bath under a weak Born-Markov and rotating wave approximation. This im-
plies that here the system interacts with its environment via a non-QND interaction
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such that along with a loss in phase information, energy dissipation also takes place.
The evolution has a Lindblad form which in the interaction picture is given by [31, 29]
d
dt
ρs(t) = γ0(N + 1)
(
σ−ρ
s(t)σ+ −
1
2
σ+σ−ρ
s(t)−
1
2
ρs(t)σ+σ−
)
+ γ0N
(
σ+ρ
s(t)σ− −
1
2
σ−σ+ρ
s(t)−
1
2
ρs(t)σ−σ+
)
− γ0Mσ+ρ
s(t)σ+ − γ0M
∗σ−ρ
s(t)σ−. (46)
Here
N = Nth(cosh
2 r + sinh2 r) + sinh2 r, (47)
M = −
1
2
sinh(2r)eiΦ(2Nth + 1), (48)
and
Nth =
1
eh¯ω/(kBT ) − 1
, (49)
where Nth is the Planck distribution giving the number of thermal photons at the
frequency ω, and r, Φ are squeezing parameters of the bath. The case of a thermal bath
without squeezing can be obtained from the above expressions by setting these squeezing
parameters to zero. γ0 is a constant typically denoting the system-environment coupling
strength, and σ+, σ− are the standard raising and lowering operators, respectively, given
by
σ+ = |1〉〈0| =
1
2
(σx + iσy) ,
σ− = |0〉〈1| =
1
2
(σx − iσy) . (50)
In the above equation |1〉 is the upper state of the atom and |0〉 is the lower state.
Evolving the system given by HS from the initial state given in Eq. (43), using Eq.
(46), we obtain the reduced density matrix of the system from which the Bloch vectors
can be extracted to yield [25]
〈σx(t)〉 =
[
1 +
1
2
(
eγ0at − 1
)
(1 + cosΦ)
]
e−γ0(2N+1+a)t/2〈σx(0)〉
− sinΦ sinh
(
γ0at
2
)
e−γ0(2N+1)t/2〈σy(0)〉,
〈σy(t)〉 =
[
1 +
1
2
(
eγ0at − 1
)
(1− cosΦ)
]
e−γ0(2N+1+a)t/2〈σy(0)〉
− sinΦ sinh
(
γ0at
2
)
e−γ0(2N+1)t/2〈σx(0)〉,
〈σz(t)〉 = e
−γ0(2N+1)t〈σz(0)〉 −
1
(2N + 1)
(
1− e−γ0(2N+1)t
)
, (51)
where
a = sinh(2r)(2Nth + 1). (52)
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It can be seen from Eq. (51) that the reduced density matrix ρs(t) shrinks towards the
asymptotic equilibrium state ρasymp, given by
ρasymp =
(
1− p 0
0 p
)
, (53)
where p = 1
2
[
1 + 1
(2N+1)
]
. For the case of zero squeezing and zero temperature, this
action corresponds to an amplitude-damping channel [38, 25] with the Bloch sphere
shrinking to a point representing the state |0〉 (the south pole of the Bloch sphere) while
for the case of finite T but zero squeezing, the above action corresponds to a generalized
amplitude-damping channel [38, 25] with the Bloch sphere shrinking to a point along
the line joining the south pole to the center of the Bloch sphere. The center of the Bloch
sphere is reached in the limit of infinite temperature.
The above analysis brings out the point that while the case of the QND system-
environment interaction corresponds to a phase-damping channel, the case where the
evolution is non-QND, in particular where the evolution is generated by Eq. (46), having
a Lindblad form, corresponds to a (generalized) amplitude-damping channel (for zero
bath squeezing). This brings out in a very transparent manner the difference in the
quantum statistical mechanics underlying the two processes. While in the case of QND
interaction, the system tends (along the z-axis) towards a localized state, for the case of
non-QND interaction, the system tends towards a unique asymptotic equilibrium state,
which would be pure (for T = 0) or mixed (for T > 0). This can be seen from Figs. 5,
where the effect of the environment on the initial Bloch sphere [Fig. 5(A)] is brought
out. Figure 5(B) depicts the evolution under a QND system-environment interaction
[Eqs. (45)] while Figs. 5(C) and 5(D) depict the evolution under a dissipative system-
environment interaction [Eqs. (51)]. While Fig. 5(B) clearly shows a tendency of
localization along the z-axis, Figs. 5(C) and 5(D) illustrate the tendency of going
towards a unique asymptotic fixed point. In Fig. 5(D), the presence of a finite Φ (48)
is manifested in the tilt in the figure.
4.2. Harmonic oscillator system
Next we take a system of harmonic oscillator with the Hamiltonian
HS = h¯ω
(
a†a +
1
2
)
. (54)
The Hamiltonian HS (54), substituted in Eq. (1), has been used by Turchette et al. [39]
to describe an experimental study of the decoherence and decay of quantum states of
a trapped atomic ion’s harmonic motion interacting with an engineered ‘phase reservoir’.
QND evolution
Noting that the master equation (10) in the system space can be written equivalently
as
ρ˙s = −
i
h¯
[HS, ρ
s] + iη˙(t)[H2S, ρ
s]− γ˙(t)
(
H2Sρ
s − 2HSρ
sHS + ρ
sH2S
)
, (55)
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Figure 5. Effect of QND and dissipative interactions on the Bloch sphere: (A) the full Bloch
sphere; (B) the Bloch sphere after time t = 20, with γ0 = 0.2, T = 0, ω = 1, ωc = 40ω and the
environmental squeezing parameter [Eq. (24)] r = a = 0.5, evolved under a QND interaction [Eqs.
(45)]; (C) and (D) the effect of the Born-Markov type of dissipative interaction [Eqs. (51)] with
γ0 = 0.6 and temperature T = 5, on the Bloch sphere – the x and y axes are interchanged to present
the effect of squeezing more clearly. (C) corresponds to r = 0.4, Φ = 0 and t = 0.15 while (D)
corresponds to r = 0.4, Φ = 1.5 and t = 0.15.
and substituting (54) in (55) we obtain the master equation for a harmonic oscillator
coupled to a bosonic bath of harmonic oscillators by a QND type of coupling as
ρ˙s = − iω[a†a, ρs] + ih¯2ω2η˙(t)
[
(a†a)2 + a†a, ρs
]
− h¯2ω2γ˙(t)
[
(a†a)2ρs − 2a†aρsa†a+ ρs(a†a)2
]
. (56)
For clarity we transform the above equation into the form of a Q distribution function
[31] given by the prescription
Q(α) =
1
pi
〈α|ρ|α〉, (57)
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where |α〉 is a coherent state. From the master equation (56), the equation for the Q
distribution function becomes
∂
∂t
Q = − iω
(
α∗
∂
∂α∗
− α
∂
∂α
)
Q+ ih¯2ω2η˙(t)
[
2(1 + αα∗)
(
α∗
∂
∂α∗
− α
∂
∂α
)
+
(
α∗2
∂2
∂α∗2
− α2
∂2
∂α2
)]
Q− h¯2ω2γ˙(t)
×
[
α∗
∂
∂α∗
+ α
∂
∂α
+ α∗2
∂2
∂α∗2
+ α2
∂2
∂α2
− 2αα∗
∂2
∂α∂α∗
]
Q. (58)
Using polar coordinates α = ξeiθ, this equation can be transformed into
∂
∂t
Q = ω
∂
∂θ
Q− h¯2ω2η˙(t)
[
(1 + 2ξ2)
∂
∂θ
+ ξ
∂2
∂ξ∂θ
]
Q
+ h¯2ω2γ˙(t)
∂2
∂θ2
Q. (59)
Non-QND QBM
To compare (58) with the equation obtained in the case of QBM of a system of harmonic
oscillator interacting with a squeezed thermal bath, we start with the general QBM
master equation [27, 28]:
ih¯
∂
∂t
ρs(x, x′, t) =
{
−h¯2
2M
(
∂2
∂x2
−
∂2
∂x′2
)
+
M
2
Ω2ren(t)(x
2 − x′2)
}
ρs(x, x′, t)
− ih¯Γ(t)(x− x′)
(
∂
∂x
−
∂
∂x′
)
ρs(x, x′, t)
+ iDpp(t)(x− x
′)2ρs(x, x′, t)
− h¯(Dxp(t) +Dpx(t))(x− x
′)
(
∂
∂x
+
∂
∂x′
)
ρs(x, x′, t)
− ih¯2Dxx(t)
(
∂
∂x
+
∂
∂x′
)2
ρs(x, x′, t). (60)
Here Γ(t) is the term responsible for dissipation, Dpp(t) for decoherence, Dxx(t) promotes
diffusion in p2, and Dxp(t), Dpx(t) are responsible for promoting (anomalous) diffusion
in xp + px. The details of these coefficients of the master equation (60) can be found
in [27, 28]. Here the coordinate representation of the density matrix has been used
in contrast to the energy representation used in (10). Comparing (60) with (10) we
find that the QND coupling of the system with the environment makes the quantum
statistical mechanics of the evolution much simpler. As already noted below Eq. (12), a
comparison between (10) and (60) shows that in the QND case there is a decoherence-
governing term γ˙(t), but no term responsible for dissipation. In contrast, the QBM
case has dissipation and a number of diffusion channels as seen by the existence of the
diffusion terms Dxx(t), Dxp(t) +Dpx(t) and Dpp(t).
Since Eq. (60) is also obtained for a harmonic oscillator system (cf. (54)), we
proceed as before and obtain its corresponding Q equation as
ih¯
∂
∂t
Q = h¯ω
[
α∗
∂
∂α∗
− α
∂
∂α
]
Q
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+
ih¯
2
Γ(t)
[
−
∂2
∂α∗2
−
∂2
∂α2
+ 2
∂2
∂α∂α∗
− 2α
∂
∂α∗
− 2α∗
∂
∂α
+ 2α∗
∂
∂α∗
+ 2α
∂
∂α
+ 4
]
Q
+
ih¯
mω
Dpp(t)
[
−
∂2
∂α∂α∗
+
1
2
∂2
∂α∗2
+
1
2
∂2
∂α2
]
Q
−
h¯
2
(Dxp(t) +Dpx(t))
[
∂2
∂α∗2
−
∂2
∂α2
]
Q
− ih¯mωDxx(t)
[
∂2
∂α∂α∗
+
1
2
∂2
∂α∗2
+
1
2
∂2
∂α2
]
Q. (61)
From a comparison of Eq. (61) with Eq. (58), it is evident that QBM is a more com-
plicated process than QND evolution. Writing Eq. (61) in polar coordinates does not
simplify its structure, unlike the case of QND evolution where Eq. (59) was obtained
in a simple form in polar coordinates. This is a reflection of the fact that QBM is
a more complicated process than QND as well as the fact that in the QND case, the
master equation (10) is obtained in the system energy basis which is more amenable
to simplification in the Q representation (the Q-function being proportional to the di-
agonal element of the density matrix in the coherent state basis) than the coordinate
representation in which the QBM master equation (60) is obtained.
Phase diffusion of the QND harmonic oscillator
We now analyze Eq. (59) to gain some insight into the process of phase diffusion in the
case of a harmonic oscillator system coupled to its bath via a QND type of coupling.
We take the long time limit. In this limit η˙(t) −→ 0 (cf. remark below (22)). We solve
for the Q distribution function for the zero and high temperature cases.
T = 0:
In the long time limit, η˙(t) −→ 0, and γ˙(t) −→ 0 (cf. Fig. 1). Then Eq. (59) reduces
to
∂
∂t
Q = ω
∂
∂θ
Q, (62)
which has the solution
Q(θ, t) = e−λte−λθ/ω, (63)
where λ is a constant. Equation (62) does not have the form of a standard diffusion
equation in phase space – there is a drift term but no diffusion term.
High T :
In the long time limit, η˙(t) −→ 0 and γ˙(t) −→ γ0kBT cosh(2r)/h¯ (as can be inferred
from Eq. (31) and Fig. 2). Then Eq. (59) becomes
∂
∂t
Q = ω
∂
∂θ
Q+ A1
∂2
∂θ2
Q, (64)
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with
A1 = h¯ω
2γ0kBT cosh(2r).
This has the elementary solution
Q(θ, t) = e−αte−Aθ
[
c1e
Bθ + c2e
−Bθ
]
, (65)
where α, c1, c2 are constants,
A =
ω
2A1
,
and
B =
ω
2A1
√
1−
4αA1
ω2
. (66)
Equation (64) has the form of a time-dependent diffusion on a circle. It does not have
the form of a pure diffusion because of the presence of an additional Kerr-like term in
the master equation (56). A form similar to this arises in the phase diffusion model for
the phase fluctuations of the laser field when the laser is operated far above threshold
so that the amplitude fluctuations can be ignored [31]. Then the phase fluctuations due
to random spontaneous emissions can be modelled as a one-dimensional random walk
along the angular direction. In this sense it can be said that the QND Hamiltonian
describes diffusion of the quantum phase [40] of the light field. From Eq. (64) it is
evident that the diffusion coefficient is dependent on temperature T and the reservoir
squeezing parameter r. In the high temperature and long time limits the dynamical
behavior is that of a quantum mechanical system influenced by an environment that is
modelled by a classical stochastic process, a situation that was studied in [11]. That
this is not so for the zero-T case suggests that a zero-T open quantum system cannot
be simulated, even in the long time limit, by a classical stochastic bath. A detailed
analysis of the phase diffusion pattern in QND types of evolution for the two-level atom
as well as the harmonic oscillator system has been given in Ref. [41].
5. Conclusions
In this paper we have studied the dynamics of a generic system under the influence of
its environment where the coupling of the system to its environment is of the energy-
preserving QND type. The bath is initially in a squeezed thermal state, decoupled from
the system. We have compared the QND results with the case where the coupling is of
a non-QND dissipative type for a system of two-level atom and a harmonic oscillator.
For a bosonic bath of harmonic oscillators with a QND coupling (section 2.1), we
have found that in the master equation of the system, though there is a term governing
decoherence, there is no dissipation term, i.e., such systems undergo decoherence without
dissipation of energy. For the case where there is no squeezing in the bath, our results
reduce to those obtained in Refs. [9, 10, 11] for the case of a thermal bath. The reduced
density matrix of the system interacting with a bath of two-level systems (section 2.2)
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via a QND type of coupling is found to be independent of temperature [9] and squeezing
conditions of the bath. This brings out an intrinsic difference between a bosonic bath
of harmonic oscillators and a bath of two-level systems.
We have analyzed the effect of the phase-sensitivity of the bath on the dynamics
of decoherence, first by looking at the term causing decoherence in the system master
equation for the bosonic bath of harmonic oscillators (obtained in section 2.1). We have
evaluated the decoherence-causing term for the cases of zero and high temperatures, and
also obtained its long time limit for both the cases. A study of the linear entropy S(t),
which is an indicator of the coherences in the reduced density matrix of the system,
clearly reveals (section 3.2) that in the high-T case, the effect of the squeezing in the
bath is quickly washed out and the system loses coherence over a very short time scale.
In contrast, in the zero-T case, the coherences are preserved over a longer period of time
and the squeezing in the bath can actually be used to improve the coherence properties
of the system.
We have made a comparison between the quantum statistical mechanical processes
of QND and non-QND types of system-environment interaction. For a two-level
atomic system (section 4.1), it is seen that whereas the action of the QND system-
environment interaction tends to localize the system along the z-axis indicative of, in
the parlance of quantum information theory, a phase-damping channel [38], the non-
QND interaction (epitomized by the Lindblad equation (46)) tends to take the system
towards a unique asymptotic fixed point, which for the case of zero bath squeezing would
be indicative of the (generalized) amplitude-damping channel [38]. For a harmonic
oscillator system (section 4.2), we have converted the master equation to the equation
for the Q representation. This brings about in a very general manner the differences in
the quantum statistical mechanical processes involved in QND and in QBM. The QBM
process is much more involved than the QND one in that in addition to the decoherence
and dissipation terms, it contains a number of other diffusion terms. In our analysis of
the QND equation for the harmonic oscillator system, in the long time limit, we find
a form similar to the one in the phase diffusion model for the fluctuations of the laser
operated far above threshold when the amplitude fluctuations can be ignored. The phase
fluctuations due to random spontaneous emissions can be modeled as a random walk
along the angular direction. In this sense the QND Hamiltonian describes diffusion of the
quantum phase of the light field. We find that while in the high-T case the situation can
be modeled as a quantum mechanical system influenced by a classical stochastic process,
it is not so for the zero-T case. The high-T Q equation resembles the equation of phase
diffusion on a circle which would suggest a connection between quantum phase diffusion
and QND evolution [41]. Our quantitative study provides a step towards understanding
and control of the environmental impact in such open quantum systems.
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Appendix A. Derivation of reduced density matrix (Eq. (9))
In this appendix, we present the steps leading to the derivation of the reduced density
matrix ρsnm(t) from (4) to (9). It follows from Eq. (8) that
eiH
(k)
n t/h¯ = e−iE
2
ng
2
k
(ωkt−sin(ωkt))/(h¯
2ω2
k
)
×D
(
Engk
h¯ωk
(
eiωkt − 1
))
eiωkb
†
k
bkt, (A.1)
where D(α) is the displacement operator,
D(α) = eαb
†
k
−α∗bk , (A.2)
and
∑
k
H(k)n = Hn. Similarly,
e−iH
(k)
n t/h¯ = eiE
2
ng
2
k
(ωkt−sin(ωkt))/(h¯
2ω2
k
)D
(
Engk
h¯ωk
(
e−iωkt − 1
))
× e−iωkb
†
k
bkt. (A.3)
Now using Eqs. (A.1) and (A.3) in Eq. (4), and making use of the following properties
of the displacement operator
eiωkb
†
k
bktD(α) = D(αeiωkt) eiωkb
†
k
bkt, (A.4)
D†(α) = D(−α), (A.5)
D†(α)D(αeiωkt) = D
(
α(eiωkt − 1)
)
eiαα
∗ sin(ωkt), (A.6)
the reduced density matrix in the system eigenbasis becomes
ρsnm(t) = e
−i(En−Em)t/h¯ e
−i(E2n−E
2
m)
∑
k
(g2
k
sin(ωkt)/h¯
2ω2
k
)
×
∏
k
TrR [ρR(0)D(θk)] ρ
s
nm(0). (A.7)
Here
θk = (Em − En)
gk
h¯ωk
(eiωkt − 1), (A.8)
and ρR(0) is as in Eq. (5).
The trace term in Eq. (A.7) is∏
k
TrR [ρR(0)D(θk)] =
∏
k
TrR
[
S(rk,Φk)ρthS
†(rk,Φk)D(θk)
]
=
∏
k
TrR
[
ρthD
(
θk cosh(rk) + θ
∗
k sinh(rk)e
2iΦk
)]
= exp
[
−
1
2
(Em − En)
2
∑
k
g2k
h¯2ω2k
coth
(
βh¯ωk
2
)
×
∣∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)e2iΦk ∣∣∣2
]
. (A.9)
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Here we have used the following relation beween squeezing and displacement operators:
S†(rk,Φk)D(θk)S(rk,Φk) = D
(
θk cosh(rk) + θ
∗
k sinh(rk)e
2iΦk
)
. (A.10)
Using Eq. (A.9) in Eq. (A.7), the reduced density matrix ρsnm(t) (9) is obtained.
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